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UNIQUENESS OF SOLUTIONS, RADIATION CONDITIONS, 
AND COMPLEXITY OF THE METRIC AT INFINITY 

q ■ HIRONORI KUMURA 

I 

Abstract. The purpose of this paper is to prove the uniqueness theorem 
of solutions of eigenvalue equations on one end of Ricmannian manifolds for 
drift Laplacians, including the standard Laplacian as a special case; we shall 
impose "a sort of radiation condition" at infinity on solutions. Wc shall also 
provide several Ricmannian manifolds whose Laplacians satisfy the absence of 
embedded eigenvalues and besides the absolutely continuity, although growth 
orders of their metrics on ends are very complicated. 

1. Introduction 

The Laplace-Beltrami operator A g on a noncompact complete Riemannian man- 
ifold (M, g) is essentially self-adjoint on C^°(M); the relationship between the spec- 
tral structure of its self-adjoint extension to L 2 (M, v g ) and the geometry of (M, g) 
has been studied by several authors from various points of view. For example, the 

(-— \ absence of eigenvalues was studied in [2-7, 9-11, 14, 15, 18, 20] and so on. This 

paper will treat the case where (M, g) has specific types of end E, and show the 
uniqueness of solutions / of eigenvalue equations A 9 / + (Vro, V/) + af = on E 
for drift Laplacians A s + Vro, imposing "a kind of radiation condition" at infinity; 

£C) \ here, w is a C°°-function on E and a > is a constant. 

We shall state our results precisely. Let (M, g) be a noncompact connected 
complete Riemannian manifold and U be an open subset of M. We shall say 
that E := M — U is an end with radial coordinates if and only if the boundary 
dE is C°°, compact, and connected, and the outward normal exponential map 
expg £ : N + (dE) -» E induces a diffeomorphism, where N + (dE) := {v e T(dE) \ 
; i v is outward normal to dE}; note that U is not necessarily relatively compact. We 

shall set r := dist(9£ ! , *) on E. In the sequel, the following notations will be used: 

E(s, t) :={i£ E\s < r(x) < t} for < s < t; 
E(s, oo) :— {x G E | s < r(x)} for < s < oo; 
S(t) :={xEE\ r{x) = t} for < t < oo; 
g := g — dr (g> dr. 

We denote the Riemannian measure of (M,g) by v g , and the measure on each S(t) 
induced from g simply by A for t > 0. Let wbea C°°-function on M. Our concern 
is to study a drift Laplacian A g +Vw: this operator is associated with the Dirichlet 
form 

(Vu,Vv)e w dv g foiu,v€H 1 (M,e w Vg), 

M 
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where Vm stands for the gradient of u, and ( , ) = g. Let VaY denote the covariant 
derivative of 1-form dr, that is, the Hessian of r. The main theorem of this paper 
is the following: 

Theorem 1.1. Let (M,g) be a noncompact Riemannian manifold, E be an end 
with radial coordinates of (M,g), and w be a C°° -function on M. Let r denote 
dist (dE, *) on E. Assume that there exist constants u\ > 0, A\ > 0, B\ > 0, 

rj > 0, 6 6 1, and c G R such that 

CY.\ ^ 

Vdr> — g on E(r , oo); (*i) 

/ dw \ 
- Ai < r( A s r+- c) - b < Bi on E(r ,oo). (* 2 ) 

Let a > and 7 > 6e constants, and assume that f is a solution of 

A g f+(Vw,Vf)+af = on E, 
satisfying 

ii ^ f * 7 4 ) {(^) 2+/2 } e ^ =o - ( * 3) 

Lei £0 6e i/ie constant defined by 

2 1 + Ai-Bi 



2a x - BA, (* 4 ) 



and assume that 

2min{5i,7} > A x + £1 ; (* 5 ) 

a> ^\ 1+ (2,-e a -B 1 )(e -A 1 )j- ( * e) 

Then, we have / = on E. 

Note that A ff + ^ expresses the growth order of the measure e w v g , and hence, 
(* 2 ) implies that it converges to a constant c € R at infinity. Note that, we do not 
assume that the constant c is nonnegative; even if c is negative, the conclusion of 
Theorem 1.1 holds good because of the geometrical expansion condition (*i). Note 
also that we do not assume that / £ L 2 (E, e w v g ) in Theorem 1.1; indeed, Theorem 
1.1 with small < 7 <C 1 is required to prove the limiting absorption principle for 
— A s in author's paper [TB] ; for details, see Section 6 below. 

As for the technical constant (*4), note that (*5) implies that Ai < eo < 
7+ 2 1- 1 . Note that, if necessary, by replacing 7 > with smaller one, we may 
assume that 5i > 7. Then, since (*s) implies eo = 27+ 2 1- 1 , (^4) and (*q) are 
reduced to the following simpler form: 

/ of A. 1 D-1 \ 2 1 

(*r) 

In view of (* 2 ) and (*6) (or (+7)), we can see why "small perturbation -" of A g r + 
^ — I is allowed for the absence of eigenvalues in case c = 0, which was first 
observed in the paper [T5] . 

A drift Laplacian — A g — Vw; defined on C^°(M) is essentially self-adjoint on 
L 2 {M, e w v g ), and we shall denote its self- adjoint extension by the same symbol for 
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simplicity. Then, note that (* 2 ) implies that <r css (— A g — Vra) D [t)°°); where 
cr css (— A g — Vw) stands for the essential spectrum of — A g — Vw on L 2 (M,e w v g ) 
(see, for example, [13] )• 

By putting 7 = 1 in Theorem 1.1, we obtain the following: 

Corollary 1.1. Let (M,g) be a noncompact connected complete Riemannian man- 
ifold, E be an end with radial coordinates of(M,g), andw be a C°° -function on M. 
Let r denote dist (dE, *) on E. Assume that there exist constants a± > 0, A\ > 0, 
B\ > 0. r Q > 0, b e R, and ceM such that 

Vdr> — g on E(r 0,00); — Ai<r(A g r+ — c J — b < B\ on_E(r ,oo). 

Assume that 2min{Si, 1} > A\ + B\, and set 

'2 + A 1 -B 1 

-, 2ai -B 1 



2 
Then, o~ oss (— A g — Vw) 3 [%-,oo) and 

where a pp (~A g ~ Vw) stands for the set of all eigenvalues of —A g — Vw on 

L 2 {M,e w v g ). 



In case a,\ > 1, the condition " 2min{ai, 1} > A\ + Si" implies e\ 



2+At-B 
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2 ' 
and hence, the assertion in Corollary 1.1 is reduced to the following simpler one: 

.„(-A 3 -v„)np{ 1 + (|^^) 2 },»)= 9 . (,») 

In case c= 1, b = 0, and w = 0, it seems to be interesting to compare Corollary 
1.1 and Theorem 1.2 below: 

Theorem 1.2. Let 11 > 2 be an integer, and A € R\{0} and [i > be constants. 
Assume that 

A 2 
\A\ < 1 and V 2 < ^—^- 

Then, there exist a rotationally symmetric manifold (R", g := dr 2 + f 2 (r)gs™-im) 
and a constant ro > such that the following (i) and (ii) hold : 

(i) Vdr = < 1 + A >g forr > ro; in particular, the following holds: 

n — 1 L r i 

r(A g r - 1) = Asin(2^r) for r > r ; er css (-A ff ) = [-,00) ; 

(ii) <7 PP (-A 9 ) = {|(l + 4/i 2 )}. 

In Theorem 1.2, in order that (W l , g) is expanding at infinity in the sense of (*i), 
\A\ must be smaller than 1; this condition appears as " 2min{5i, 1} > A\ + Bi" 
in Corollary 1.1; indeed, Theorem 1.2 corresponds to the case A = A\ = B\ and 
a.\ = 00 in Corollary 1.1. The upper part from the bottom \ of the essential 
spectrum is for the case (*g) with c = 1 and A = A\ = B\ is -tj^jwA 2 ; on the 
other hand, the upper part from j in Theorem 1.2 is 4 r 4 ^ A i\ A 2 ; that is, upper 



parts from \ coincides with A 2 in both cases up to constant multipliers. In this 
sense, (*s) seems to be optimum. 

Theorem 1.2 can be proved by slightly modifying the proof of Theorem 1.8 in 

Corollary 1.1 immediately implies the following corollary. The assumptions of 
Corollary 1.2 are very simple, comparing Corollary 1.1. 

Corollary 1.2. Let (M,g) be a noncompact connected complete Riemannian man- 
ifold, E be an end with radial coordinates of(M,g), and w be a C°° -function on M. 
Let r denote dist (dE, *) on E. Assume that there exist constants a,\ > 0, r$ > 0, 
b £ K, and c£l such that 



Vdr > — g on E(r , oo); A„r + — c = o(r 1 ) on E(r n ,oo). 

r or r 



Let Lm\e denote the Dirichlet drift Laplacian A g +Vw on L (M\E,e w v g ), and 
assume that c ^ and miner oss {Lm\e) > X' Then, ^ e drift Laplacian — A g -Vic 

7 pp( 



on L 2 (M,e w v g ) satisfies er css (— A s — Vw) = [^-,oo) anda pp (— A 9 — Vm)n(j, oo) = 



In case c = 0, Corollary 1.1 immediately implies the following: 

Corollary 1.3. Let (M,g) be a noncompact connected complete Riemannian man- 
ifold, E be an end with radial coordinates of(M,g), andw be a C°° -function on M. 
Let r denote dist (dE, *) on E. Assume that there exist constants ot\ > 0, A\ > 0, 
B\ > 0, rg > 0, and b € R such that 

Vdr > — g on E(r , oo); —A 1 <r(A Q r+—-)—b<Bi on E(r , oo). 
r V or J 

Assume that 2min{ai,l} > A\ + B\. Then, o~ ess (—A g — Vw) = [0,oo) and 
CT PP (-A 9 -Vw) = 0. 

In Corollary 1.3, the amplitude of the constant Ai + B\ cannot be larger than 
4. Indeed, if A\ + B\ > 4, an embedded eigenvalue may emerge, as Theorem 1.3 
below shows. 

Theorem 1.3. Let n > 2 be an integer, and i £ I, /i > 0, and b > be constants. 
Assume that 

b> \A\ >2. 

Then, there exist a rotationally symmetric manifold (R". g := dr 2 + / 2 (r)<75n-i( 1 ')) 
and a constant ro > such that the following (i) and (ii) hold : 

(i) Vdr = ~ , sm A fJ ' r ' g for r > r . Ln particular, 

^, b-\A\„ „ A b ,sin(2ur) , 

Vdr > —g for r > r ; A q r = A — \-LU- for r > r ; 

r r r 

cr css (-A 5 ) = [0,oo); 
(ii) M 2 e<7 P p(-A g ). 
Theorem 1.3 can be proved by slightly modifying the proof of Theorem 1.8 in 

By putting w = in Corollary 1.1, we obtain the following: 
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Corollary 1.4. Let (M,g) be a noncompact connected complete Riemannian man- 
ifold and E be an end with radial coordinates of {M,g). Let r denote dist (9_B, *) 
on E. Assume that there exist constants a\ > 0, A\ > 0, B\ > 0, r$ > 0, b G M, 
c > such that 

Vdr> — g on£(r ,oo). — A 1 < r( A g r — c) — b < B 1 on E(r , oo). 
Assume that 2min{5i, 1} > A\ + B±. Then, <7 CSS (— A g ) D [^-,oo) and 



4 t (2-ei-Bi)(ei-Ai) 

where e\ is the constant defined in Corollary 1.1. 

Corollary 1.4 is a generalization of results in author's earlier papers |T4] and [15] . 
Theorem 1.1 will be obtained by modifying and strengthening the arguments in 

B5|. 

This paper is organized as follows. Section 2, 3, 4, and 5 are devoted to the proof 
of Theorem 1.1. Section 6 is concerned with the relationship between the radiation 
conditions and the growth condition (*3); we shall prove Lemma 8.1 in 16 there. 
In Section 7, we shall construct several Riemannian manifolds whose Laplacians 
satisfy the absence of embedded eigenvalues and besides the absolutely continuity, 
but their growth orders of metrics on ends are very complicated. 

2. Analytic propositions 

In this section, we shall prepare some analytic propositions for the proof of 
Theorem 1.1. 

First, let c e R be a constant; we shall transform the operator A g + Vro + %- 
and the measure & w v g into the new operator L := exp(|r) o (A 9 + Vw) oexp(— |r) 
and new measure e~ cr+w dv g , respectively: 

L\E,e w v g ) -( A »+ v "'+4) > L 2 {E ^ eWVg) 

exp(fr) exp(fi-) 

L 2 {E,e- cr+w v g ) > L 2 (E,e- cr+w v g ) 

Here, note that the multiplying operator exp(|r) : L 2 (E,e w v g ) 3 h H> cxp(|r)/i g 
L 2 (E,e~ cr+w v g ) is a unitary operator. 
Then, note the following: 

Lemma 2.1. Let 7 > be a constant and u be a C°° -function on E. We shall set 
h(x) :— exp (— |r(cc)j u{x) for x € E. Then, the following conditions (i) and (ii) 
are equivalent : 
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(i) liminfiT / ((^) +u 2 )e- cr+w dA = 0; 
^°° JS(R) t\drj J 

ii) liminfiT / {(?:) +h 2 \e w dA = Q. 



fl^oo -IS(R) 



Proof. Direct computations show that 

If c = 0, the assertion is trivial. Hence, assume that c 7^ 0. Then, in general, there 
exists a constant c (c) > 0, depending only on c, such that X 2 + cXY+(^- + l)Y 2 > 
Cq(c){X 2 + Y 2 } holds for any X,Y £R. Therefore, (i) implies (ii). The contrary 
is proved in the same manner. □ 

From Lemma 2.1, we see that it suffices to prove Theorem 1.1 for — L, e~ cr+w A, 
and e~ cr+w v g in stead of — (A g + Vto + ^-), e w A, and e w v g , respectively. 
Now, let A > be a constant and u be a solution of 

Lu + Xu = onE, 

and assume that (i) in Lemma 2.1 holds. A direct computation shows that 

A g u + (Vic - c\7r, Vu) - -q*u + Xu = on E; (1) 

dw ,„. 

c h := A g r+ — - c. (2) 

or 

Let p(t) be a C°° function of £ € [7*0, 00), and put 

v(x) := exp(p(r(x)))u(x) for x € i?. 
Then, direct computations show that 

A s i, - (2//(r) + c) ^J + (Vu;, Vv) + {91 - (V(r) + |) g* + a}« = 0, (3) 

gi :=-/M + (p'(r)) 2 . 
In order to prove Theorem 1.1, we shall prepare three Propositions below: 
Proposition 2.1. For any V> € C°°(E) and r$ < s < t, we have 

^{|V W | 2 -(A + 0l -(p'(r) + ^y} 

E(s,t) l v 2 / ) 

dv 
s(t) Js(s)l dr JE(s,t) 



il)^-ve- cr+w dA - / (Vip + 2tl>p / (rWr 7 S7v)ve- cr+w dv q . 
or ' 



Proof. We shall multiply the equation (3) by ?pv and integrate it over E(s, t) with 
respect to the measure e~ cr+w v g . Then, the Green's formula yields Proposition 
2.1. □ 

Proposition 2.2. For any r$ < s < t and 7 £ R, we have 

2 
, I 1 ov \ 

r> 



S(t) 



- 7 {(^) -\\^v\ 2 + l -{X + qi )v 2 Y^dA 

r 7_1 {r(Vdr)(Vt;,Vv) - -(7 + rq*)g(Vv, Vv)\ e - cr+w dv g 
;(«,t) L 2 J 

/ s(st) ^- 1 {^(7-^) + 2^ W r}(|) 2 e— eft,. 



+ / r^ 1 r«* (/ (r) + |) ^ve~ cr+w dv g 

JE(s,t) V 2/ 9r 



Proof. We shall multiply the equation (3) by (Vr, Vv). Then, from 
(Vr, Vw)A 3 w = (Vr, Vv)div(Vv) 

= div((Vr,Vv)Vv) - (V v «(Vr),Vv) - (Vr, V v «(Vw)); 

(Vr,V v „(Vv)) = (V V r(V«),V«> = i(Vr)(|V«| 2 ) 



idiv(|V«| 2 Vr)-i|Vi;| 2 A g r, 



we have 



(Vr, Vw)A g -y = div( (Vr, Vw)Vw - ^|Vu| 2 VrJ - (Vdr)(Vw, Vv) + ^|Vt>| 2 A g r. 



Therefore, we obtain 

divf tt^Vw - -|Vw| 2 Vr ) - (Vdr)(Vt>, Vv) + -|Vw| 2 A„r - (2//(r) + c) ( -H 
\ar 2 / 2 \ar 

+ <V«>, Vv)^ + {\- p"(r) + {p'(r)f (p'(r) + f)<Z*}^ = °' 

We shall multiply the equation above by r i e - cr + w an( j U se a general formula, 
fdivX = div(fX) — Xf. After that, integrating it over E(s,t) with respect to v g , 
we obtain, by the divergence theorem, 

r-y{(^\ -l\Vv\ 2 \e- cr+w dA 

{ a -cr+w A ^ 



s(t) JS(s) I i \drj 2 



E(s,t) 

1 

2 



r 7 " 1 jr(Vdr)(Vv,Vv) +-y( ^ J ]e- cr+M, (fo 
r 7-i| 7 + r(? , t }|Vv| 2 e- cr+u ' d« g 

!( a ,t) 

(M) rV(r)(g)V«*, 

I ' r-r { X + 9l }£ve~+- dv g . (4) 



H(s,t) 

Here, the integrand of the last term of (4) is equal to 

-Ki{\ + qi }{Vr^(v) 2 )e- cr+w 
= - idiv(r 7 (A + qi )v 2 e- cr+w \7r 



+ lr'>- 1 {(\ + qi )r q *+ 1 (\ + qi )+r-^} 



v 2 e- cr+w . 



Hence, integrating this equation over E(s,t) with respect to v g , we have 



I dv 

/ r J {X + q 1 }-—ve 

J E (s,t) dr 

r~<{\ + qi )v 2 e- cr+w dA 
'{(A + <?i)(7 + rq*) + r^}v 2 e~ cr+w dv g . (5) 



' cr+w dv 

'E(s,t) 
1 

1 
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-'E(s,t) 



Thus, substituting (5) into (4), we obtain Proposition 2.2. □ 

Proposition 2.3. For any 7 e 1, e € K, and < s < t, we have 

= / r 7 - 1 (r(Vdr)(Vw,Vi;)-i(e + r^-&)3(V'y,Vw)}e- cr+to ^ g 
JB(s,t) I 2 J 

+ y r^ 1 ^ - i( e + rg* - 6) + 2//(r) r} (J) e - cr+ ™ cfo 9 

+ J e(s t) ^{(7 - * + 6V(r) + (7 " 1K 2 V £ + 6) + fr/(r) + fH}^e- + ™ ^ 

+ ^ / r^ 1 J (A + gi )(e + rg* - 6) + r^i + (7 - e + b) (p'(r) + C -^q\v 2 e - cr+w dv. 

Proof. Substitute ip = 1 ~ f k r r 7-1 into the equation in Proposition 2.1 and adding 
it to the equation in Proposition 2.2, we obtain Proposition 2.3. □ 

Lemma 2.2. For any /3el, we have 

r' 3 v 2 e- cr+w dA- f r' 3 v 2 e- cr+w dA 

S(t) JS{s) 

Proof. A direct computation shows that 

div(rVe- cr +™Vr) = r"{(g* + ^v 2 + 2^} e - CT +™ 
Integrating this equation with respect to v g over E(s, t), we obtain Lemma 2.2. □ 

3. Faster than polynomial decay 

The proof of Theorem 1.1 will be accomplished by following three procedures: 
(1) to show faster than polynomial decay; (2) to show faster than exponential decay; 
(3) to show vanishing on a neighborhood of infinity. Section 3, 4, and 5 will be 
devoted to these procedures (1), (2), and (3), respectively. 



Theorem 3.1. Let (M,g) be a noncompact Riemannian manifold and E be an end 
with radial coordinates of (M, g). Let r denote &ist(dE, *) on E . Assume that there 
exist constants ot\ > 7 A\ > 0, B\ > 7 r$ > 0, b G M., and c£l such that 

Voir > — g on E(tq, oo); (6) 

r 



- A x < r(A g r+ — - c) -b< B x on E(r , oo). (7) 



dw 

Or 

Let A > and 7 > be constants, and assume that u is a solution of 

Lu + Xu = on E, 

satisfying 

limrnf t 7 / { (^) + u 2 \e- cr+w dA = 0. (8) 

ylsswme that 

2mM5 ll7 }>* + B i; A> 4(27 _ c2 £ ( ^^ o 2 _ Air (9) 

where So is the constant defined by (*4,)- Then, we have, for any m > 0, 



ifii 



r m {|Vu| 2 + M 2 }e- cr+tu d Us <oo. (10) 



'£(1-0,00) 

Proof. Considering the first condition of (9), we shall take a constant e so that 

2min{ai,7}-Bi >e > A x . (11) 

We shall put p(r) = in Proposition 2.3. Then, v = u and q± = 0. Moreover, in 
view of (2), the assumptions (6) and (7) implie that 

r(Vdr)(Vu,Vu) - -(e + rq* -b)g(Vu,Vu) > ^J25i - B ± -e\g{Vu,Vu). 
For simplicity, we shall set 

{cAx if c> 0, 

if c = 0, 

-oBi if c < 0. 

Then, we have — c^rg* — b) < c max , and hence, erg* + c max — cfe > 0. Therefore, we 
obtain, for r$ < s < t, 

A 2 (*L V + Xu 2 | VU P + l^l±lto\ e -cr +W dA 

s(t) I \drj ' r dr 



S{, 



7 f lY7 ,2 x 2 , c 2 , c max -c6 2 (du\ 2 -y-e + bdu \ 



fdu\ , 2 ln ,2 7-e + 69w 
— 4- A?; 2 - V?/.r -+- 1 



-4 (t) r7 i 2 lSJ +^-|V< + -__-_^e— ^ 



S( S 



, ^ |V.| 2 - A. 2 - 2^V - IZfl**!^, .-'■■■ - -, M 
\or I r or 



> f r~<~ 1 {2a l -B 1 -e}g{Vu,Vu)e- cr+w dv g 

JE(s,t) 



+ [ ^{crq* + O^ 1 )}^^-^ 

JE(s,t) Or 



dVg 

+ 1 r^ 1 {\{e-A 1 )+0{r- 1 ))u 2 e- cr+w dv g . (12) 

JE(s,t) 

Let < a <C 1 be a small constant determined later. Substituting f3 = 7 — 1 into the 
equation in Lemma 2.2, and multiplying it by the constant Cma *~ c + a, we obtain 

/ C max -Cb + \ /■ r 7-l M 2 e -cr +W ^ _ / C m ax - c6 + \ /" ^-l^-cr+u- ^ 

^ 2 / 7 5(t ) V 2 / 7 s(s ) 

= / r 7 - 1 {o(r"V + (w-c& + 2a)|VU-~ +w dt; fl . (13) 

ijj( s ,t) L or J 

Addition of (13) to (12) yields 



>(^) 2 + (A + o(r- 1 )K + 



S(t) I V or ) r Or 



7-e + bdu, _ c ,_,,_ 
2 



^ |V.| 2 - A. 2 + W - V - 2 f ^ - lz£±*£„ U-c + . dA 

S ( s ) [ 2 r \ or ) r or ' 



•/ r 7 ~ 1 J25i -e-Bi)«if(Vu,Vu)e 

r 7 - 1 {|c|(A 1 +B 1 ) + 2a + 0(r- 1 )} 



> / r^'Uai -e-Bi't q(Vu, ^u)e~ cr+w dA 

'E(s,t) 

2 

) e~ cr+w dv, 

lE(s,t) 

du 
E(s,t) or 

+ [ r^ 1 {A(e-yl 1 ) + 0(r- 1 )} U 2 e- cr+10 rfw g , (14) 

JE(s,t) 

where we have used the fact, \c(rq* — b) + c max | < \c\(Ai + B{). 

The discriminant of a quadratic equation (27 — £ — Bi)x 2 — \c\(A\ +B 1 )x + A(e — 
A x ) = is equal to c 2 (A x + Bi) 2 - 4(27 - £ - B 1 )X(e - Ai); we shall consider the 
function 

^ != 4 (27 - t -k)(t-^) tot€{t|A 1 <t<2 7 -B 1 ,25 1 -B 1 >t}; 

then, /i(£) takes the minimum value at £0. Hence, in view of the second condition 
of (9), by taking e < £0 sufficiently close to £0 and taking a > sufficiently small 
in (14), we see that, there exists constants r\ — r\(\, , y,di\,Ai,B\,ot) > ro and 
C\ = C\ (A, 7, <5i , j4i , B\ , a) > such that the right hand side of (14) is bounded 
from below by 

(| '' r^- l {\Vu\ 2 + u 2 }e- cr+w dv g for any t > s > n. (15) 



2 JE(s,t) 

On the other hand, there exists a constant r 2 = ^(a, £, &, 7) such that 

a 9 n fdu\ j — e + bdu „ ,„ . 

w 2 -2 — tt u <° forr>r 2 . (16) 

r \or J r or 
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Furthermore, the assumption (8) implies that, there exits a divergent sequence {U} 
of real numbers such that the first term with t — ti on the left hand side of (14) 
converges to zero as i -> oo. Hence, taking (15) and (16) into account, putting 
t = ti in (14), and letting i — > oo, we obtain, for t > s > r^ ■= max{ri,r2}, 



/ r~<{\\7u\ 2 -\u 2 + ^u 2 }, 
JS(s) l l J 

|2 , „.21 -cr+w 



>d [ r^ 1 {|Vw| 2 +M 2 }e- cr+t0 dw g . (17) 

JE(s,oo) 

Thus, integrating the both sides of (17) with respect to s over [£, ti], we have, for 
r 3 <t < ti, 

rti 



d r ds f r^- 1 {\Vu\ 2 + \u\ 2 } e- cr+w dv g 

Jt JE(s,oo) 

r^ {\Vu\ 2 - \u 2 + ^q*u 2 }. 



It JE(s,oc) 

< 



E(t,ti) 

r^ue- cr +w dA- 1 [ r-*- 1 ^ 
S(ti) JS{t)J or JE(tM) dr 

Here, in the last line, we have used the equation in Proposition 2.1 with p(r) = 
and ip — r 7 . Since (8) implies 



liminf / r' r —ue- cr+w dA = 0, 
ti-^oo J s(t) dr 



letting appropriately t\ — > oo and using Fubini's theorem, we obtain, from the 
inequality above, 

d{ ds f r 7 - 1 {|Vu| 2 + u 2 }e- cr+w dv g 

Jt J E(s,oa) 

=d f {r-t)r^- l {\Vu\ 2 +u 2 }e- cr+w dv g 

JE(t,oo) 



S(t) I \w J ) JE(t 



. oc 



(1 



<oo. (18) 

Here note that the right hand side of (18) is finite by (17). Thus, we see that the 
desired assertion (10) holds for m = 7. 

Integrating (18) with respect to t over [t 1; oo), and using Fubini's theorem, we 
obtain, for t\ > r*i, 

d f (r-t) 2 ri- 1 {\Vu\ 2 +u 2 }e- cr+w dv g 

JE(ti,oo) 
E(ti,oo) 



< I r~<{ [—J +u 2 \e- cr+w dv g 



+ 7/ (r - ty- 1 \ [ ^- ) +u 2 \e- cr+w dv. 



'E(ti,oo) I \ dr 

<oo, 
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"s 



where, note that the right hand side of this inequality is finite by (18). Thus, we 
see that the desired assertion (10) holds for m = 7 + 1. Repeating the integration 
with respect to t shows that the assertion (10) is valid for m = 7 + 2, 7 + 3, • • • , 
therefore, for any m > 0. □ 

4. Faster than exponential decay 

Wc shall first prove Lemma 4.1 and Lemma 4.2, which will be used in the proof 
of Theorem 4.1: 

Lemma 4.1. Assume that the conditions in Theorem 3.1 holds. Assume that, there 
exists a constant fc > such that (22) below holds, and set p(r) := ko + mlogr. 
Then, for x > r , v = r m e k ° r u satisfies 



^{iVtf - (A + gi - ( P '(r) + °-)q,y}e- cr+w dv g 

x 1 - 2 " 1 f v 2 e,- cr+w dA)-\ f r- 2m {2m - 1 - rq*}v 2 e- cr+w dA 

J Six) J 2 J Six) 



E(x,oo) 



or 



Proof. Let Aqe denote the induced measure on dE, and write A = yG Aqe on E. 
Then, a direct computation shows that 

— (x x - 2m f v 2 e- cr+w d 

dx V Js(x) 

r- 2m {l-2m + rq±}v 2 e- cr+w dA + 2 ( r 1 - 2m ^-ve- cr+w dA, (19) 
S(x) JS(x) Or 

where we have used the definition (2) of q* and the equation %^ — (A g r)v / G- 

On the other hand, we shall substitute tp = r l ~ 2m into the equation in Proposi- 
tion 2.1. Then, we have, for ro < x < t, 



r 

E(x,t) 



i - 2m {\vv\ 2 -(\+ qi - ( P '(r) + c -) q ,yy-^ dVg 



l-2m dv „.„-cr+w A A f r l-2m ^_ v( ,-cr+w dA 



su dr J s{x) dr 

dv 



- 2m -~- cr+w dv„. 



r -7—ve 
E{ x ,t) or 



The assumption (22) implies that liminf / 

*^°° Js 



r l-2m e -cr+w dA = q^ &nd hence) 

S(t) or 

by substituting an appropriate divergence sequence {tj} into the equation above, 
we have 

/ r 1 - im {\Vv\ i -(x + q 1 -^(r) + ^)qX 2 } l 

JE{x,oo) L V I / i 

r l-2m^_ ve -cr+w dA _ f ^m^^cr+w rf ^ 



dr J m* ™i 9 



S(x) Ul JE(x 



)r 



Lemma 4.1 immediately follows from (19) and (20). □ 

12 



Lemma 4.2. For any k € M. and r$ < s < t, we have 



^r„2 c -cr+w dA _ / ^r^-cr+w dA 



e u e 

.S'(/i JS(s) 

e kr {k + q*}u 2 e- cr+w dv g + 2 f e kr ^ue~ cr+w dv g . 
E(s,t) JE(s,t) or 



Proof. A direct computation shows that 



8W \ r, 5 



ii 



div(e kr u 2 e- cr+w Wr) = e kr I lk + A g r+ — - c\u 2 + 2—u \ e - cr+w . 

In view of (2), integration of this equation over E(s,t) with respect to v g yields 
Lemma 4.2. □ 

Theorem 4.1. Under the assumptions of Theorem 3.1, we have, for any k > 0, 
f e kr {u 2 + \\7u\ 2 }e- cr+w dv g < oo. (21) 

J E(ro,oo) 

Proof Let fco be a "nonnegative" constant. In order to prove Theorem 4.1, we shall 
assume that 

I r m e 2fe r| u 2 + | y u |2 Jg-cr+u, ^ < ^ for jjl m > 1 ( 2 2) 

«^-E(ro,oo) 

and show that, there exist positive constants C4 = 04(^1, e), C5 = 05(^1, e), and 
C6 = C6(Ai,£), independent of fco > 0, such that 

e 2(ko+k)r u 2 e -cr+w ^ < ^ 
£(r ,oo) 

for any < fc < \J {(fii) 2 + c 5 }(k ) 2 + c 6 - c 4 fco, (23) 

where e is a fixed constant satisfying 

A 1 <e<2a 1 -B 1 . (24) 

For that purpose, we shall set 

p(r) — kor + mlogr and 7 = £ — 6 (25) 

in Proposition 2.3. Then, we have 

v = r m e k ° r u ; Ql = -p"(r) + (p'(r)) 2 = (k a ) 2 + ^±^ + 2k - ; (26) 



r 



dq-\ m 2 + m , m 
r-£- = -2 = 2*o-. 

or r A r 

For convenience, we shall set 

b max := max {\b - Ax\,\b + Bi\} ; then, \rq*\ < 6„ 
Hence, we have, for ro < s < t, 

-\f r-^Wvf - (A + „)* 2 + (p'tr) + |)<,,« 2 
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/ ,('!? + i£±H*elV-2^V\e-' + ''^ 



2r / \ <9r 

-X, 1 ,'"1(S : ) 2 + 5 (A + " ), '^5 |Vl ' |2 ^"' + " <i ' 4 



+ i / r -'{|Vtf - (A + <„).. 2 + (o'W + 1 )?,» 2 



s L/-'i— - +i ^^}(£) 2 — » 



m c I <9t> 

E(s,t 

r 6 " 6 "^ (A + fc 2 )(e - A x ) - - 2 - (2 + ^i - e 

E(s,t) 

2 — cr+w 



r 6 " 6 "^ fc + - + i fnfc^ve- cr+,u d« 9 

r 2 J ar 



777 

_2fc -(l + A 1 -e)}>w 2 e- CT + w rft- g , (27) 



where we have used the facts, 



-A 1 < rq„ - b < B 1 ; r(Vdr)(Vv, Vv) - -(e + #i) <?(Vv, Vv) > 0. 

Now, substituting j3 = e — b — 2 and (3 = e — b — 1 into the equation in Lemma 2.2 
and multiplying them by mb ° ax and — 2 ""* x respectively, we have 

m&max f r s-b~2 v 2 e -cr +WdA _HA™ i [ ^-6-2 2 -cr+i» ^ 



2 'S(t) 2 ./S(s) 

e — 6 — 2\ 9 <9v 



2 /„.,/-" w^—^—y^i^- cr+w ^ ^ 



and 



JC+ 2fco|b max J e-b-l 2 -cr+tu jj l c + 2_fco|6max / ,."-')- J. ,.2, 

4 ./cm ' ' 4 



r ire " '-<U- ' ""»'-"" / r e -°- l v z e- cr+w dA 

s(t) 4 J S ( s) 



C + 2/col^max f e-b-l f / , £ ~ & ~ 1 



4 •'£(»,*) 



{(s. + ^K + ^e----^ < 29 » 



Thus, combining (27), (28), and (29), we obtain 



1/ rW 2 (^) +(A + gi y-|V,| 2 + I%l, 2 + |c + 2fco|b — ■.•^.-■- - 
2 7.cr*i V 9r / r^ 2r 



+ i / s r-"||V V | 2 - (A + gi )« 2 + (V M + |) 9 ^ 2 - 2 (^) }e" cr +W dA 

-i(™> . n, |2fc + c|6 max + (2fc + c)r^~i 9i; _ cr+ 

E( s ,t) L r 2 J dr 
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r e-b- 



z JE(s,t) [ r \ m/ 



Tfl 

— 2fc (l + ^i -e) 
r 



-( 9 - +£ ~r" 2 )(7 +|2fc °2 +C| )r e " Cr+W ^ 



(30) 
Here, we have 

' 2m 



m \2k + c 6 max + (2k + c)rq± 

— (Omax + rq*)-\ 

r 2 

moreover, since q* > — ms ^ L , we have 



{zm i 

— + |2fc + c||; (31) 



(A + (fc ) 2 ) (e - i4i) - ^ (l + -) (2 + Ai - e) - -2fc„(l + A x - e) 
r z \ m) r 

e-b-2\/m |2fc + c| 



"max I Q* 

' ' r 

,2 



>(A +(fco) 2 )(e-A 1 )-^((l + l)(2 + A 1 - £)+ 6 - (b - + 2 + b - £) 
\ i r A \\ m) m 

m (. . . 6 max (6 max + 2 + &-e)|2fc + c| 
<^ 2fc (l + Ai - e) H 



(A+^o) 2 )^-^)-— P 2 --Pi, (32) 



m, 
r 
where we set 



/l,:=p 2 (m..l,.ii l .//) = (:i. + i)(2 + A 1 - e )-' 6max (&max + 2 + 5 ! 



mJ m 

P P Cfc A R ^ ,,./,,« ^ , frmax(frmax + 2 + &-e)|2fc +c| 

Pi := Pi(fc ,Ai,Pi,c) = 2fc (l + Ai -e) H , 

771 

for simplicity. 

Now, let a > be a fixed constant, and we shall substitute /3 = e — b — 1 into 
the equation of Lemma 2.2; then, we have 





/ r £ " fc 


— 


v 2 e 


-cr+w dA _ 


r- 


- b « u2 


e - cr+t0 dA 






Js(t) 


r 




j 


's(s) 


r 










JE(s,t) 


-b- 


i 


— {rq± - b + 
r 


£-l)l 


2 + 2av— } 
or J 


e~ cr+ 


w d 


> 


JE(a,t) 


-b- 


1 


r 


-e)« 2 


+2cw *r 


— cr-\-w 


dv 



(33) 



Combining (30), (31), (32), and (33) makes 



2 



I /" r^{ 2 (^ +fA + gl + ^+ |c + 2fco|b — + 4Q ^ 2 -|V,|n e -+-dA 



2 ./s(t) I V <9r I \ ' ' r 2 2r 



I / r -»{|v„i» - (a + „y + (ad + |V - T» 2 - <! 



'S(s) 
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> / 

IE{s,t) 



- b - 1 ' 2k a r + 2m 



e-Pi -26] fdv\ £ _ cr+w ^ 
dr ' 



■-~-''- 1J 2<) + b max ( — + \2k Q +c\ 



E(s,t) 



\ r 



dv 
or 



-cr-\-w 



dv n 



\ I r- b - 1 |(A + (fco) 2 )(e-A 1 )-^P 2 --PiU 2 e - c ^^, (34) 

1 JE(s,i) I r r I 



where we set 



P^ := P^ 



2a(l + Ai -e) 



for simplicity. From (22) and (26), we see that 



liminf / r e {2\ 



''--'"• ls(t) [\dr 



+ [X + qi + —5- + 



mAi (c + 2k )A 1 +4a Y ; 2 _ ]Vr] 2 {, --,,-„ 
r 2 2r 



^-IVvr >e- cr+w dA = Q. 



Hence, taking an appropriate divergent sequence {ti}, putting t = ti in (34) and 
letting ij — > oo, wc obtain 

2~ 



» / r .-'{|V„|* - (A + < h »r + (,» + |) S ,„* - ^ - 2 (| 



J( S ) 

> / r e " h " 1 <j2/c r + 2m + 

>E(s,oo) 



-cr-\-w 



dA 



e-Pi -26] ^<9t> 
9r 



-cr+u; 



cfo„ 



„£-&-! 



_E(s,oo) 



f / 2jn \ 

<2a + b max (— + |2fc + c|J 



<9r 



-cr-\-w 



d,Vn 



' ' r ^-iJ(A + (fco) 2 )(£-^i)- ! ^P2--Pi^ 2 e- CT +W ^ S . (35) 



E(s,oo) 

Now, we shall set 



C 2 := 2k r + 2m + 



e-B 1 -2b 



(Ztti \ 

— + |2fc + c|J ; 

C 4 := (A + (fc ) 2 ) (a A,) ^P 2 - -Pi, 



and note that, in general, aX 2 — bXY > — j^Y 2 if a > 0; then, we have 



<""<'£" -<"» 



9r 



f« 2 >^r, 



(C: 



C^ 



3 ^ V. 



(36) 



In view of the definitions Pi, P2, and Pi, simple computation shows that, for 
any < 9 < 1, there exist constants rriQ = mo(^4i, Pi, 6, c, ko,a,9) and n = 
ri(Ai, Pi, 6, c, fco, ol, 9) such that, for any m > m and r > ri, the following in- 
equality holds: 



lf 2r (C 3 ) 2 



hH* - ^) 2 * *-^) 2 *}- (37) 



Here, we set 



ci=ci(fco):=(A + (fc ) 2 )(e-Ai)(l- 
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c 2 :=min{(l + i4i-e)(l + 0), 6>}; 

c 3 :=min{(2 + ^i-e)(l + 6i), $}, 

because we do not know signs of constants 1 + A\ — e and 2 + A\ — e. Note that 
constants, Ci, C2, and S3, are positive. Thus, combining (35), (36), and (37), we 
obtain, for to > too and r > ri, 



|Vw| 2 - (A + qi )v 2 + (// (r) + ^)q*v 2 \e~ cr+w dA 



s 

I S(s 

2 



S(s) 



HV + 2[^1 ^e— +«eM 



r \ <9r 



> ^ r 6 " 1 ^ - (j)2k a c 2 (^j c 3 | W 2 e—+-^. 

Multiplying both sides of the inequality above by s 1 - 2m - e j anc j integrating it with 
respect to s over [x, 00), we obtain, for x > r\, 



x - 2m [\Vv\ 2 - (A + 9l )t; 2 + (//(r) + |)«*v 2 }c- cr + "rfv g 

« 2 -(l) : 



r 

E(x,oo) 

2a 9 „/dv\ 2 



r l-2m 
'B(x,oo) I r 

> / V-*"- e da y r e-l| Sl _ (^) 2 fc C 2 - (^) ^3 L 2 e — +» ^ 

> J°° s^-'U (7)2/^2 - (jY^dsj r £ -Ve— +»dw fl 

>(ci - (-W 2 - f-) 2 c 3 l r 8 X -^- e da I r £ -Ve— + ™cfo s . 

I v a; / V x / J 7^. ^(s.oo) 

Substitution of the equation in Lemma 4.1 into the inequality above yields 

-lAfa; 1 - 2 ™ f v 2 er cr+w dA\ - - /* -- 2m /o™ _ 1 _ „„ \o,2 c -cr+w 
2dx\ Jsm J 2 



r -/ ire"'-eU --/ r- 2m {2m-l-rq*}v 2 e- cr+w dA 
s(x) J 2 J S(:I .) 



■/e(s,oo) I r r<9r \drJ } 

>L- (f )2fc c 2 - {^) 2 A j°° sl ~ 2m ~ C ds j r^v 2 e- cr + w dv g . 

Here, 

2a 2 l«9v „/<9iA 2 2a f 1 1, „ .„ 1 

— v 2 + -— v + 2 ( — ) >— 1--— U 2 >0, if r > — ; 

(1 I p . 1 I p 
1 -)>2(l-0)m, if m > -. 

2m ) 20 

Therefore, we obtain, for any x > r 2 := max{ri, j^— } and to > mi := maxJTOo, \„ 1 }, 
_ I A ^i- 2 " /* w 2 e — +- ^ - (1 - 0) ™ fx 1 - 2 ™ / w 2 e - cr+,u dA 



S(x) / x \ JS(i) 



>(c! - (-Wc 2 - (-Yes) r s'-^ds I r^v 2 e- cr+w dv 

I V X ) \X) ) J x Je(s,oo) 
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For x > r2 and m > mi, we shall set 

m -fc c 2 + J(k ) 2 (c2) 2 + c 3 (A + (fc ) 2 )(e - A!)(l - 0) 

— = z =: c 7 (fc ) ; 

X C 3 

F(x) := x 1 - 2 ™ f v 2 e- cr+w dA = x [ e 2k ° r u 2 e - cr+w dA, 

JS(x) Js(x) 

where we shall recall C\ = (A + (fc ) 2 )(e — ^4i)(l — &)■ Then, the inequality above 
reduced to 

Thus, G(x) := e 2 ^- e ^ x F(x) satisfies G'(x) for x > r 3 , and hence, G(x) < G(r 3 ) 
for x > r 3 , that is, 



x / e 2feor u 2 e- cr+u ' dA = F(x) < e - 2(1 - e)c7a: G(r 3 ). 

The desired assertion (23) follows from this inequality and the definition of c-j = 
07(^0) above, where we shall recall that C2 and c 3 are independent of k . 

Now, we shall consider an increasing sequence {a„}J£L of nonnegative numbers 
defined by 

a n +i = a n + yj {(c 4 ) 2 + c 5 }(a„) 2 + c 6 -c 4 a n , a = 0. 

Then, lim„_ i . 00 a„ = 00. Indeed, if contrary, there exists aoo := lim„_ 5 . 00 a„ € 
(0,oo). Taking the limit, we have aoo = aoo + \/{(c/C) 2 + C5}(aoo) 2 +C6 — 04000, 
and hence, -\/{(c4) 2 + C5}(aoo) 2 + cq = 04000; this contradicts the facts: c% > and 
cq > 0. Therefore, by virtue of (23) combined with lim n _5.oo "n = 00, we obtain 

e kr u 2 e -cr+w ^ < ^ f or any Q < fc < CO. (38) 

E(r ,co) 

Next, we shall show that, (38) implies that 

f e kr \Vu\ 2 e- cr+w dv g <oo for any < k < oo. (39) 



• E(r ,oo) 

Since (38) implies that 



*^°° ls(t) 



liminf / e kr u 2 e- cr+w dA = 0, 



taking an appropriate divergent sequence {ij}, and letting t = t{ — > oo in the 
equation of Lemma 4.2, we obtain 

2 f e kr ^ue- cr+w dv q 

Je(s,oo) or 

e kr u 2 e -cr+w dA _ f e kr {k + q±} U 2 e- Cr+W dv g , 

S(s) JE(s,oo) 

where the right hand side of this equation is finite by (38). In particular, we have 

du 
dr 



lim inf e kR 

R— ^oo 



S(R) 
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0. (40) 



Now, we shall put p = and ip — e kr in Proposition 2.1; then, v — u and gi = 0, 
and hence, we have 

e kr {\Vu\ 2 - (\ - C -qAu 2 \e- cr+w dv g 
E(s,t) l \ A J i 

kr —cr+w 1 \ I kr — cr+w 7 a 11 kr —cr-\-w j„ 

e -7—ue dA — I e -—tie dA — k / e — — ue dv„ 



s(t) dr"" '"" i s(s )" dr"" " '"J E (s,t)" dr"" ~"' 9 



<l e kr ^ue- cr+w dA- f e kr ^ue- cr+w dA+^- I e kr u 2 e' cr+w dr 



dr ' Js(s) dr 2 JE{S:t , 

e kr \Vu\ 2 e- cr+w dv g . 

2 JE(s,t) 

Therefore, we have 

- / e kr \Vu\ 2 e~ cr+w dv g 

Js(t) dr J s{s) dr 
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I e k r(x- C - q ^ + k l)u 2 e-^dv g 

JE(s,t) V Z Z / 



>E(s,t) 

In view of (40), by taking appropriate divergent sequence {U}, substituting it t = t{ 
into the inequality above, and letting t{ — > oo, we obtain 
1 



e kr \Vu\ 2 e- cr+w dv g 

2 J E(s, oo) 



<- [ e kr ^ue~ cr+w dA+ f e kr (\--q* + —)u 2 e- cr+w dv q . 

Js(s) dr Je(s,oo) V 2 2 / 

Since the right hand side of this inequality is finite by (38), we obtain (39). Thus, 
we have proved Theorem 4.1. □ 

5. Vanishing 
Theorem 5.1. Under the assumption of Theorem 4.1, 

u = on E(ro, oo). 
Proof. Let k > 1 be a fixed constant, and take e so that 

2a 1 -B 1 >e>A 1 . (41) 

We shall set p(r) = kr and 7 = e — b in Proposition 2.3. Then, we have 

V = e kr u ; qi = k 2 ; (42) 

2r(Vdr)(Vu, Vu) - (e + r#* - 6)g(Vv, Vv) > (25i - e - Bi)fli(Vv, Vv) > 0, 
and hence, 



.(^^(A + fcV-IV^Ie- 



r*-^ 2(^1 + (A + fc 2 V - |Vw| 2 S>e- cr+w dA 

S(i) 

+ / r"- h l\Vv\ 2 -(\ + k 2 )v 2 -2(^\ \e~ cr+w dA 
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> / I- 

'E(s,t) 



-6-1 



{Akr + e- b-rq*}( — | < 



cr-\-w 



dv„ 



+ r s - b - 1 (\ + k 2 )(s + rq*-b)v 2 e 



2 — cr+w 



dv a 



E(s,t) 



> I 

lE(s,t) 



E(s,t) 



e-6-1 



{4kr + s-2b + B 1 }(^\ e- cr+w dv g 



„£-6-l 



2k + c\b ri 



dv 
dr 



-cr-\-w 



dv n 



+ / r^-HX + k^ie-A^v 



2 —cr-\-w 



dv„ 



E(s,t) 



(43) 



Now, in general, when a > 0, aX — bXY > — |-Y . Hence, 



{4kr + s-2b + B 1 }[ |^ ) -|2/c + c|6 r] 



or 



+ (A + fc 2 )(e-A!y 



^(A + fc 2 )^-^)- 



(2fc + c) 2 (6 max ) 2 
4(4kr + s - 2b + Bx) 



Xis-A^ + k fc(e-Ai) 



(2+f) 2 (6 max ) 2 

e-2b+B x \ 



(44) 



Since e — A\ > 0, there exist positive constant k\ — fci(j4i, B\, e, &, c) such that the 
right hand side of (44) is nonnegative for k > k\ and r > max{ro, 1}. Therefore, 
combining (43) and (44), we obtain, for k > k\ and t > s > max{ro, 1}, 

2 



J r e-bL(^\ + ( X + k 2 )v 2 -\Vv\ 2 \e- cr+w dA 

«i 2 - ( A +fc > 2 -2(|;) 2 } e — 



-6 J ly 



S(s) 

Here, in view of (21) and (42), we have 



liminf / r e - h { 2 

*^°° Js(t) 



(%)*+(>+*> 



dA> 0. 



2 -\S7v\ 2 \e- cr+w dA = {). 



(45) 



Hence, taking an appropriate divergent sequence {U} and letting t = U — > oo in 
(45), we obtain, for any k>k\ and s > max{ro, 1}, 

Since v = e kr u, we have 



\Vv\ 2 - 2 (%) = M k 2 u 2 2k^u + \Vu\ 2 -2(£ 
\or ) y or \or 

Therefore, we obtain, for any k > k\ and s > r\ :— max{ro, 1}, 

-k 2 h( s )-kl 2 ( s ) + l 3 { s )>0, 
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(46) 



where 

h(s) := f u 2 e- cr+w dA ; I 2 (s) := 2 f ^ ue - cr+w dA ; 
Js(s) Js(s) or 

h{s)-.= i w-2f^yi e - cr+ ^- 



S(s) 



Thus, for any fixed s > r\, letting k — > oo in (46), we obtain Ii(s) = 0, that is, 
u = on E(r\, oo). The unique continuation theorem implies that u = on E. D 

6. Radiation condition and growth property 

In this section, we shall briefly explain the relationship between the radiation 
conditions and the growth property (*3). In order to prove the limiting absorption 
principle in the author's paper [TB], it is an important step to show u = under 
the assumption (^3) (see Lemma 8.1 in |16|). 

First, we shall introduced some terminology: for s € R, let L 2 s (E,v g ) denote the 
space of all complex- valued measurable functions / such that |(1 + r) s f\ is square 
integrable on E with respect to v g , and set 

II/IU;(15,„.) := / (l + rf s \f\ 2 dv g . 

J E 

We also denote 77 + := {x + iy e C | x > 0, y > 0} and 77_ := {x + iy € C | x > 
0, y<0}. 

In [16) . the author studied Riemannian manifolds (M, g) having ends E\, E2, ■ ■ ■ , E„ 
with radial coordinates, each of which satisfies either (I) or (II) below: 



(I) 



Vdr > \^- + 0(r- 1 - d )jg 


on Ej , 


A g r = ^ + 0(r- 1 - 5 ) 


on Ej ; 


Vdr> [^ L + 0{r- 1 - & )}g 


on Ej, 


A g r = fa + 0(r- 1 - 5 ) 


on Ej, 



(II) 



where aj > 0, bj > 0, j3j > 0, and S E (0, 1) are constants. For a solution u 
of — A g u — zu = f on M and / £ L\ (M,v g ), the author [16] introduced the 
radiation conditions as follows. For Ej satisfying (I) and z £ II±, 

«el a i y (JS,-,t; g ) ; ^+U T ,^Wi4 + ,(^^). (47) 



(9r \2r 

For Ej satisfying (II) and z G JJ± satisfying Rez > ^-, 



du , f ft- . I (ft) 2 



ueLS_ s/ (^-,« s ); ^+ f Ti^-^ «ei!i +5 fe%). (48) 

Here, < s' < s < min{i,a m i n } are constants; a m ; n :— minjaj | 1 < j < m}; the 
square roots takes the principal value. (The condition (48) above can be seen to be 

equivalent to (14) in [16] by taking the multiplication operator e~ r into account). 
Then, the following holds: 
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Proposition 6.1. Let u be a solution of —A g u + Xu = on an end E with radial 
coordinates. Then, 

(1) Assume that u satisfies the radiation condition (47) with Ej = E and z = X > 0. 
Then, (*3) with 7 = s — s' holds. Hence, if E satisfies (I) with Ej = E, then 
u = by Theorem 1.1. 

(2) Assume that u satisfies the radiation condition (48) with Ej — E and z = X > 

3 2 

tj-. Then, (*3) with 7 = s — s holds. Hence, if E satisfies (II) with Ej = E, 
then u = by Theorem 1.1. 

Proof. We shall prove only (1), because the proof of (2) is quite similar. By con- 
sidering the real and imaginary part of u, we assume that u is real valued. For 
simplicity, we put p± :— ■£- =F i^/X. Then, we have for r$ < t, 

=F\/A / u 2 dA = u(lm(d r + p±)u) dA, 

JS(t) JS(t) 

and hence, 

VX f u 2 dA< [ \u\\(d r +p ± )u\dA, 

JS(t) JS(t) 

where we write (d r + p±)u := 4^ + p±u for simplicity. Multiplying the both sides 
of the inequality above by (1 + t) s ~ s -1 , and integrating it with respect to t over 
[ro,oo), we obtain 

V\ f {l + r) s - s '- l u 2 dv g 

J E(r 0,00) 

<[ {l + r)'-''- 1 \u\\(d r + p ± )u\dv g 

' ■' - --1+2SI/C, , „ \„,|2> , 1 I M i„1-l-2»'„2, 



<t / (l + r)- i+2s |(9, + p±)u| 2 ^ + - / (l+r)- 1 "^^ *;„<«>, 

^ J E(r ,oo) Z J E(r , 00) 

where the right hand side of this inequality is finite by (47). Hence, — A g u = Xu G 



L 2 ,-,!-! {E, v g ), which implies that |Vu| € L 2 _ a ,_ 1 (E,v g ) as is shown below: we 



shall set t := ^— | — -, and define, for t > r$ and x € E(tq, 00), 

1 if r(x) < t, 

h t (x) := { -r(x) +t+l if t<r(x)<t+l 

if t+l<r(x). 

Then, by direct computations, we obtain, for < e < 1, 

(h t ) 2 (l + r) 2e \Vu\ 2 dv g 

E(r a ,t+1) 

(W{(h t ) 2 (l + r) 2e u},Wu)dv g 

E(r a ,t+i) 

I 1 du 



1 I ht{1 + r fe! h > + ^\ u ™ dVg 

1) L 1 + r ) or 



IE(r ,t+ 

< - 



f (l + r) 2e u^dA + X f (h t ) 2 (l + r) 2£ u 2 dv g 

JS(rn) ^r JElro.t+l) 



(1± ^- [ {h t ) 2 {l + r) n u 2 dv g + e f {ht f {1 + r) ^(^.) 2 dVgj 

£ JE(r ,t+l) JE(r ,t+l) \Or / 



and hence, 



(1-e)/ (htY(l + r) M \Vu\ J dv g 

JE(r ,t+l) 

<- f (l + rf e u^dA+{ {1 + lel)2 +\\ [ (h t ) 2 (l + r) 2i u 2 dv g 

JS(r ) Or I S J J E (ro,t+l) 

Therefore, letting t — > oo, we obtain 
(1-e)/ (h t ) 2 (l + r) 2i \Vu\ 2 dv g 

J E(tq, oo) 



\2 

{h t ) 2 (l + rf e u 2 dv g <oo. 

'S(ro) Ul I fc J JE(ro.oo) 

Thus, u, |Vu| G L 2 _ s ,_ 1 (E, v g ). Hence, ($3) with 7 = s — $' holds. D 



7s(r ) 9r t £ J 



Proposition 6.1 combined with the use of Lemma 2.1 with w = implies that 
Lemma 8.1 in [16. holds. 

7. Absolute continuity and complexity of metric at infinity 

In this section, we shall consider several Riemannian manifolds whose Lapla- 
cians are absolutely continuous, but the growth orders of their metrics on ends are 
complicated at infinity so that radial curvatures on ends diverge at infinity. 

Rotationally symmetric metrics on M 2 . Let (R 2 ,y/ := dr 2 + f(r) 2 gsi(i)) be a 
rotationally symmetric manifold, where r stands for the Euclidean distance to the 
origin; 351(1) is the standard metric on S' 1 (l) = {z G C | \z\ = 1}. Let b > 0, S > 0, 
and m > be any constants and ro > 1 be a large constant. 

(i) For example, assume that 

Then, A g ,r = — (- 0(r~ ~ ), and hence, the limiting absorption principle holds 

on respectively {x + iy | x > 0, y > 0} and {x + iy \ x > 0, y < 0}, and hence 
A s , is absolute continuous on (0, 00) by Theorem 1.1 and Theorem 1.2 in [16] : 

in particular, c P p(— A 9/ ) = 0; however, the Gaussian curvature K(r) = —*f-(r) 
diverges, while oscillating, as r — > 00. 

(ii) For example, assume that 

/"■> : ^1>( / ^+ Sm ^, }<ft) forr>r . 




Then, A g/ r = 6 + 0(r ), and hence, the limiting absorption principle holds 



on respectively {x + iy \ x > ^-, y > 0} and {x + iy | x > ^-, y < 0}, and 
hence A g , is absolute continuous on (^-,00) by Theorem 1.1 and Theorem 1.2 
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in [T(}]; in particular, cr pp (— A g .) [~l (^-,00) = 0; however, the Gaussian curvature 
K(r) = — T-(r) diverges, while oscillating, as r — > 00. 

Metrics on [1, 00) X T 2 . Let r be the standard coordinate on [1, 00) and dr 2 be 
the standard metric on [l,oo). 

(hi) Let < £0 C 1 be any small constant, and {$i, ( I?2} be any C°°-partition 
of unity on [l,oo) satisfying $i(x), $2(2;) > — for x e [l,oo). Let c > be any 
constant, and set 

/i(r) := exp ( c f *i(t)«ft) ; hi(r) := exp (c f <S> 2 {t)dt 

We shall define a metric 51 = 51(c) on £ := [1, 00) x 5 1 (1) x S' 1 (l) by 
.91 = .91 (ci) := dr 2 + fi(r) 2 g s i {1) + h^rf g s i {1) . 

Then, A gi r = c and Vdr > 31 on (£, 31(c)). 

(iv) Let < £0 < I be any small constant, and {$3, $4} be any C°°-partition 
of unity on [1, 00) satisfying $3(2;), $4 (x) > £0 for X € [l,oo). Let c > be any 
constant. For example, we shall set 

/ 2 (r) = exp (c f ^P-dt] ; h 2 (r) = exp (c f ^-dt 



V ji t J ^ ' r \ii t 

and dehne a metric 32 = 92(c) on E = [1, 00) x 5 1 (1) x S' 1 (l) by 
.92 = .92(c) := dr 2 + / 2 (r) 2 3s 1 (i) + h 2 (r) 2 3 S i {1) . 

Then, A„,r = - and Vdr > 32 on (£, 32(c)). 

r r 

Let Mg be any 3-dimansional compact C°°-manifolds with boundary 8Mq. As- 
sume that OMq consists of a disjoint union of finitely many T 2 . For example, we 
shall take M 3 = [-1, 1] x T 2 . 

(a) Firstly, we shall attach (£,31(01)) and (£',31(02)) to boundaries { — 1} x T 2 and 
{1} x T 2 of [— 1, 1] x T 2 , respectively; after that, we shall extends the metrics 31 (ci) 
and 31(02), to a metric 3 on M 3 := M.xT 2 . Assume that C\ < c 2 . Then, the limiting 

absorption principle holds on respectively {x + iy € C | x > - ¥ , x ^ V , y > 0} 

and {x + iy e C | x > ^-, x £ &£-, y < 0}, and -A g on L 2 (M 3 ,v g ) is absolutely 

continuous on (^^j^—,00) by Theorem 1.1 and Theorem 1.2 in |16j . 

(b) Secondly, we shall attach (£,31(01)) and (£,32(02)) to boundaries {—1} x T 2 
and {1} x T 2 of [— 1, 1] x T 2 , respectively; after that, we shall extends the metrics, 
31 (ci) and 32(02), to a metric 3 on M 3 :— M. x T 2 . Then, the limiting absorption 
principle holds on respectively {x + iy \ x > 0, x ^ 4 — , 2/ > 0} and {x + iy \ x > 

0,i/ ^x~, y < 0}, and — A g on L 2 (M 3 ,v g ) is absolutely continuous on (0,oo) 
by Theorem 1.1 and Theorem 1.2 in [IB]. Note that, as for the merely absence of 
eigenvalues, "small perturbation -" of A g r is allowed on an end [l,oo) x T 2 ; see 
Corollary 1.3. 
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(c) Thirdly, we shall attach (E, g 2 (c\)) and (E, 52(22)) to boundaries { — 1} X T 2 and 
{1} x T 2 of Mq = [— 1, 1] x T 2 , respectively; after that, we shall extends the metrics, 
52 (ci) and 32(02), to a metric g on M 3 := R x T 2 . Then, the limiting absorption 
principle holds on respectively {x + iy \ x > 0, y > 0} and {x + iy | x > 0, y < 0}, 
and — A g on L 2 (M 3 ,v g ) is absolutely continuous on (0, 00) by Theorem 1.1 and 
Theorem 1.2 in [16]. Note that, as for the merely absence of eigenvalues, "small 
perturbation -" of A g r is allowed on both ends; see Corollary 1.3. 

To see the complexity of the growth order of g± and 172 near the infinity, we shall 
consider the following example. Let < £0 <C 1 be a small constant. Let {a n ] c ^ =l 
be any increasing sequence satisfying 



a% = 1 ; Oj < a, for any i < j ; lira a„ =00; (49) 

)f positive numbers satisfying 
< min{6 n , 1 - b n } for n > 2. (50) 



let l&nl^Lj be any sequence of positive numbers satisfying 

£0 



fl2n-2 

We shall take a C°°-function $1 : [1, 00) — >• (0, 1) so that 

$l(«) = 6„ for X € [02n-l)02n] an d n > 1; 
$1 is monotone on [a 2n ,a 2n+ i] for n > 1. 

Then, {$1, $2 := 1 — $} is a partition of unity on [1, 00) satisfying $1(2), $2(2) > 
^. However, since the choices of {a„} and {&„} satisfying (49) and (50) is arbitral, 
growth orders of metrics g\ and gi can be very complicated near the infty. For 
example, consider the case of a random choice of {&„} and lim n _ i . 00 (a„ +1 — a n ) = 0. 

Punctured compact 4-manifolds. In 4-dimendional case, by removing finite 
points form any compact manifold Mq without boundary, we can obtain many 
examples, because 5' 3 (1) = SU(2) is a Lie group. Let X\, X 2 , and X 3 is a left 
invariant orthonormal frame on SU(2) with respect to —B such that 

[X X ,X 2 ] = 2X3, [X 2 ,X 3 ] = 2Xi, [X Z ,X X ] = 2X 2 , 

where B stands for the Killing form on su(2); let wi, u) 2 , and lo 3 be left invariant 
1-forms dual to X\ , X 2 , and X 3 , respectively. 

(v) Let < Eq <C 1 be any small constant, and {$1, $2 7 ^3} be any C°°-partition 
of unity on [1, 00) satisfying $,-(x) > — for x £ [1, 00) and j = 1, 2, 3; let f3 > be 
any constant, and set 

4>j{r) := exp ( /3 / %(*) dt j for j = 1, 2, 3. 

We shall define a Riemannian metric 33 on E 1 := [l,oo) x 5' 3 (1) by 
.93 = 33 (/#) := dr 2 + 0i(r) 2 wi + 2 (r) 2 w 2 + (feM 2 ^- 

Then, A ff3 r = and Vdr > ^33 on (E,g 3 ((3)). 

(vi) Let < £0 ^C 1 be any small constant, and {$1, $2, ^3} be any C°°-partition 
of unity on [1, 00) satisfying <&j(x) > Eq for x £ [1, 00) and j = 1, 2, 3; let j3 > be 
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any constant, and set 



4>j (r) := exp ( f3 / -^ dt ) for j = 1, 2, 3. 



We shall define a Riemannian metric (74 on E := [l,oo) x S 3 (l) by 
g 4 = gi{0) := dr 2 + 0i(r) 2 wi + (f>2(r) 2 aJ 2 + fo(r) 2 Lj 3 . 

Then, A 34 r = - and Vdr > — g 4 on (E, gi (/3)). 

Let Mq be any compact 4-dimensional C°° -manifold without boundary and 
Pi,p2,-" ,Pm be a points of M$. Let (Ei,g^i)),- ■ ■ , (E mo ,g4,(P mo )) and 
(E mo+ i,g 3 (p mo+ i)), • • • , (E m ,g 3 (P m )) be ends as is stated above, where E 3 = E = 
[1, 00) x S 3 (l) for 1 < j < to and < too < m are integers. If too = 0, we shall 
mean that there is no end satisfying (iv) for any constant j3 > 0. We shall expand a 
neighborhood around the point pj, attach end Ej stated above for 1 < j < m, and 
define a metric g on M 4 := Mq jj-Ei Jj • • • (j E m — Mq ft mE so that g^. = g±(Pj) for 
1 < j < m ; <?|b = 33 (/3j) for mo+1 < j < to. Then, the limiting absorption princi- 

pie holds on respectively {x + iy € C | x > 0, x 7^ ^ , j = too + 1, • • • , to, y > 0} 

and {x + iy £ C | x > 0, x 7^ v , j = too + 1, ■ • • ,m, y < 0}, and — A g on 

L 2 (M 4 ,v g ) is absolutely continuous on (^NpjOo) by Theorem 1.1 and Theorem 
1.2 in [16], where /3 m i n := {(3j \ j = 1, • • • , to}. Note that, as for the merely absence 
of eigenvalues, "small perturbation |" of A s r is allowed on ends (Ej , g4,(/3j)) for 
1 < j < too, if too > 1; see Corollary 1.3. 

Growth orders of metrics 33 and 34 on [l,oo) x ST/ (2) near the infinity can be 
more complicated than those of the case of [1, 00) x T 2 , because freedom of choice 
of partition of unity increases: H{$i, $2, $3} > tt{$i,$2}- 
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